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§20) 2) b) For f(z) = (2z2 + i)5, by Chain rule,

f ′(z) =
d(2z2 + i)5

d(2z2 + i)

d(2z2 + i)

dz
= 5(2z2 + i)4(4z) = 20z(z2 + i)4.

§20) 3) a) Since for all n ∈ N, anz
n is differentiable with

d

dz
anz

n = nanz
n−1, we have

P ′(z) =
d

dz
(a0 + a1z + a2z

2 + · · ·+ anz
n)

=
d

dz
(a0) +

d

dz
(a1z) +

d

dz
(a2z

2) + · · ·+ d

dz
(anz

n)

= a1 + 2a2z + · · ·+ nanz
n−1.

b) For any k = 0, 1, 2, . . . , n, note that

P (k)(z) = k(k − 1) . . . (1)ak + (k + 1)(k) . . . (2)ak+1z + · · ·+ (n)(n− 1) . . . (n− k + 1)anz
n−k.

Hence, P (k)(0) = k(k − 1) . . . (1)ak and ak = P (k)(0)
k! .

§24) 1) b) Note that f(z) = z − z̄ = 2yi. Hence we have u(x, y) = 0 and v(x, y) = 2y.

Since ux = 0 6= 2 = vy for any z ∈ C, f(z) does note satisfy the Cauchy-Riemann equations

and thus is not differentiable everywhere.

c) Note that f(z) = 2x+ ixy2. Hence we have u(x, y) = 2x and v(x, y) = xy2.

Note that

ux = vy =⇒ 2 = 2xy =⇒ xy = 1

uy = −vx =⇒ 0 = y2 =⇒ y = 0

When y = 0, xy = 0 6= 1. Therefore, f(z) does note satisfy the Cauchy-Riemann equations

for any z ∈ C and thus is not differentiable everywhere.

§24) 2) a) For f(z) = iz + 2 = (2− y) + ix, we have u(x, y) = 2− y and v(x, y) = x. Note that u and v

are differentiable for any z ∈ C. Since ux = 0 = vy and uy = −1 = −vx, f(z) is differentaible

everywhere with

f ′(z) = ux + ivx = i.

Similarly, for f ′(z) = i = a(x, y) + b(x, y), we have a(x, y) = 0 and b(x, y) = 1. Note that

a and b are differentaible for any z ∈ C. Since ax = 0 = by and ay = 0 = −bx, f ′(z) is

differentaible everywhere with

f ′′(z) = 0.
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d) For f(z) = cosx cosh y−i sinx sinh y, we have u(x, y) = cosx cosh y and v(x, y) = − sinx sinh y.

Note that u and v are differentiable for any z ∈ C. Since ux = − sinx cosh y = vy and

uy = cosx sinh y = −vx, f(z) is differentaible everywhere with

f ′(z) = ux + ivx = − sinx cosh y − i cosx sinh y.

Similarly, for f ′(z) = − sinx cosh y − i cosx sinh y = a(x, y) + b(x, y), we have a(x, y) =

− sinx cosh y and b(x, y) = − cosx sinh y. Note that a and b are differentaible for any z ∈ C.

Since ax = − cosx cosh y = by and ay = − sinx sinh y = −bx, f ′(z) is differentaible everywhere

with

f ′′(z) = ax + ibx = − cosx cosh y + i sinx sinh y.

§24) 4) b) For f(z) = e−θ cos(ln r)+ie−θ sin(ln r), we have u(r, θ) = e−θ cos(ln r) and v(r, θ) = e−θ sin(ln r).

Note that u and v are differentiable for any r > 0, θ ∈ (0, 2π). Since ur = −e
−θ sin(ln r)

r
=

1

r
vθ

and
1

r
uθ = −e

−θ cos(ln r)

r
= −vr, f(z) is differentaible everywhere with

f ′(z) = e−iθ(ur + ivr)

= e−iθ
−e−θ sin(ln r) + ie−θ cos(ln r)

r

= i
e−θ cos(ln r) + ie−θ sin(ln r)

reiθ

= i
f(z)

z
.

§24) 5) Note that ur = ux cos θ + uy sin θ and uθ = −uxr sin θ + uyr cos θ. Note that(
ur

uθ

)
=

(
cos θ sin θ

−r sin θ r cos θ

)(
ux

uy

)

=⇒

(
ux

uy

)
=

(
cos θ sin θ

−r sin θ r cos θ

)−1(
ur

uθ

)

=
1

r

(
r cos θ − sin θ

r sin θ cos θ

)(
ur

uθ

)

=

ur cos θ − uθ
sin θ

r

ur sin θ + uθ
cos θ

r

 .

Similarly, we have (
vx

vy

)
=

vr cos θ − vθ
sin θ

r

vr sin θ + vθ
cos θ

r

 .

Note that if rur = vθ and uθ = −rvr, then

ux = ur cos θ − uθ
sin θ

r
= vθ

cos θ

r
+ vr sin θ = vy,

uy = ur sin θ + uθ
cos θ

r
= vθ

sin θ

r
− vr cos θ = −vx.

Thus, rur = vθ and uθ = −rvr is the CR equations in polar form.
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§24) 6) From § 24) 5), we have

ux = ur cos θ − uθ
sin θ

r
,

vx = vr cos θ − vθ
sin θ

r
.

If f(z) is differentiable at a nonzero point z0 = r0 exp(iθ0), we have rur = vθ and uθ = −rvr.

Furthermore,

f ′(z) = ux + ivx

= ur cos θ − uθ
sin θ

r
+ i(vr cos θ − vθ

sin θ

r
)

= ur cos θ + vr sin θ + i(vr cos θ − ur sin θ)

= (cos θ − i sin θ)(ur + ivr)

= e−iθ(ur + ivr),

where ur and vr are evaluated at (r0, θ0).

§26) 4) c) For f(z) =
z2 + 1

(z + 2)(z2 + 2z + 2)
, note that

(z + 2)(z2 + 2z + 2) = 0

=⇒ z = −2 or z =
−2±

√
22 − 4(1)(2)

2
=
−2±

√
2i

2
= −1± i.

As a result, the singular points of f(z) are given by −2,−1 + i and −1− i.

Since outside the singular points, p(z) = z2 + 1 and q(z) = (z + 2)(z2 + 2z + 2) are analyic

with q(z) 6= 0, the function f(z) =
p(z)

q(z)
is analyic outside the singular points.
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