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§20) 2) b) For f(z) = (222 +4)°, by Chain rule,

d(22% +4)° d(222 + 1)
d(222 + 1) dz

f(z) = = 5(22% 4+ 0)*(42) = 202(22 + i)™

d
§20) 3) a) Since for all n € N, a,,2" is differentiable with d—anz” = na,z" "1, we have
z

d
P'(2) = —(ao + a1z 4+ agz® + -+ + a,2")

dz
d d d d
= @(ao) + @(alz) + @(0222) +oe Tt @(anzn)

= a1 +2asz + -+ nay,z"" L.

b) For any kK =0,1,2,...,n, note that
PR () =k(k—1)...Var+ (k+1)(k) ... Qags1z+ -+ 0)(n—1)...(n — k+ Da,z""".
Hence, P (0) = k(k —1)...(1)ax and a;, = %.

§24) 1) b) Note that f(z) = z — Z = 2yi. Hence we have u(x,y) = 0 and v(z,y) = 2y.
Since ug; = 0 # 2 = v, for any z € C, f(z) does note satisfy the Cauchy-Riemann equations
and thus is not differentiable everywhere.
c¢) Note that f(z) = 2z + izy?. Hence we have u(z,y) = 2z and v(x,y) = zy?.
Note that

Uy =vy, = 2=2zxy — xy=1

Uy = —Vp = 0=y> =y =0

When y = 0, zy = 0 # 1. Therefore, f(z) does note satisfy the Cauchy-Riemann equations

for any z € C and thus is not differentiable everywhere.

§24) 2) a) For f(z) =iz+2= (2 —y) + iz, we have u(z,y) = 2 — y and v(x,y) = x. Note that u and v
are differentiable for any z € C. Since u, = 0 = v, and u, = —1 = —v,, f(z) is differentaible
everywhere with

f(z) = ug +iv, = 1.

Similarly, for f'(z) = i = a(x,y) + b(z,y), we have a(z,y) = 0 and b(z,y) = 1. Note that
a and b are differentaible for any z € C. Since a, = 0 = by and ay = 0 = —b,, f'(2) is

differentaible everywhere with

F(z) = 0.



d) For f(z) = cosx cosh y—isin x sinh y, we have u(z, y) = cos x coshy and v(x,y) = — sin x sinh y.

Note that v and v are differentiable for any z € C. Since u, = —sinxzcoshy = v, and
uy = cosxsinhy = —vg, f(z) is differentaible everywhere with

1 (z) = ugy +iv, = —sinx coshy — i cos x sinh y.
Similarly, for f'(z) = —sinazcoshy — icoszsinhy = a(z,y) + b(z,y), we have a(x,y) =
—sinz coshy and b(x,y) = —cosx sinhy. Note that a and b are differentaible for any z € C.
Since a, = —cosz coshy = b, and a,, = —sinx sinhy = —b,, f'(z) is differentaible everywhere
with

f"(2) = az + ib, = —cosz coshy + isin zsinh y.

§24) 4) b) For f(z) = e ? cos(Inr)+ie~? sin(Inr), we have u(r, #) = e~ cos(Inr) and v(r, ) = e~ sin(Inr).

—0 _: l 1
Note that v and v are differentiable for any r > 0,6 € (0,27). Since u, = _esinllnr) = —ug
T T
1 ~ cos(1
and —up = _ e cos(Inr) = —uv,, f(2) is differentaible everywhere with
T T

f'(z) = e (u, + iv,)

o —e 9 sin(Inr) + ie % cos(Inr)

—1

=e
,
B ie’e cos(Inr) +ie~ sin(Inr)
N ret?
_Je)
z

§24) 5) Note that u, = u, cos + u, sinf and ug = —u,rsiné + u,r cos§. Note that
ur\ cos sin 0 Uy
Ug ~ \—rsin® rcosé Uy
-1
Uy cosf sin 0 Uy
— =
Uy —rsinf rcosf Ug
1 {rcosf —sinf Uy
rsinf  cos6 Ug

r
sin 0
U, cos 0 — uy

— r
. cos
Uy Sin 0 + ug

Similarly, we have

sin 6
Uy v, cos — vy "
- cos 6

v, sin 0 + vy

Note that if ru,. = vg and ug = —rv,., then
sin 6 cos .
Uy = Up COSH — Ug—— = vy + v, sin 0 = vy,
r
. cosf sin 6
Uy = Upsin 0 + ug =y . — v, cos b = —v,.
Thus, ru, = vy and ug = —rv, is the CR equations in polar form.



§24) 6) From § 24) 5), we have

sin 6
Uy = Uy COS O — Uy ,
r

sin 6
Uy = Uy CcOSH — vg .
r

If f(z) is differentiable at a nonzero point zg = rg exp(ify), we have ru, = vy and ug = —rv,.

Furthermore,

(2) = ug + iv,

sin 6 sin 6

= u, cosf — ug + (v, cos 0 — vy

)

= u, cosf + v, sin 0 + (v, cos § — u,. sin 6)

= (cos O — isin 0)(u, + iv,.)

=e Y (u, +iv,),

where u, and v, are evaluated at (rg, 6p).
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§26) 4) c) For f(z) = (z+2)(22 + 22+ 2)

, note that

(z+2)(22+22+2)=0

—24 /22 —41)(2) -2+£v2i L
5 = = — 1.

2
As a result, the singular points of f(z) are given by —2, —1 + ¢ and —1 — 4.

= z=-20rz=

Since outside the singular points, p(z) = 22 + 1 and ¢(z) = (2 + 2)(2% + 2z + 2) are analyic

with ¢(z) # 0, the function f(z) = p(z) is analyic outside the singular points.
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